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We consider positive travelling fronts u(i, x) = (j}{v -x + ct), </)(— cxd) = 0, 4>{oo) — k, 

i^ ■ of the equation Mt(i,a::) = Au(t,a;)— M(<,x)+(7(w(t— /i,x)), a; G K™ (*). It is assumed 

that (*) has exactly two non-negative equilibria: wi = and U2 = k > 0. The birth 

^ i' function g E C^ (M, M) may be non-monotone on [0, k] . Hence, we are concerned with 

the so-called monostable case of the time-delayed reaction-diffusion equation. Our 

main result says that for every fixed and sufficiently large velocity c, the positive 

travelling front (/'(i' ■ x + ct) is unique (modulo translations). Notice that (/> can be 

non-monotone. To prove the uniqueness, we introduce a small parameter e — 1/c 

Ph I and realize the Lyapunov-Schmidt reduction in a scale of Banach spaces. 

Keywords: Time-delayed reaction-diffusion equation; monostable case; 
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1. Introduction and main result 

In this paper, we consider the time-delayed reaction-diffusion equation 

^! utit,x) ^ Au{t,x)-u{t,x)+g{u{t-h,x)), u{t,x)>0, X eR"". (1.1) 

1—. I Eq. (1.1) and its non-local versions are used widely to model many physical, chem- 

("^ i ical, ecological and biological processes, see Faria et al. (2006) for more references. 

' I The nonlinearity g is referred to in the ecology literature as the hirth Junction, 

^s . and we will suppose that —x + g{x) is of the monostable type. Thus Eq. (1.1) has 

QQ ' exactly two non-negative equilibria mi = 0, U2 = '* > 0. We say that the wave 

f^ . solution u{x,t) = (j)(y ■ x -\- ct), \\v\\ — 1, of (1.1) is a wavefront (or a travelling 

^ ' front), if the profile function (p satisfies the boundary conditions </)(— oo) = and 

^(-|-oo) — K. After scaling, such a profile is a positive heteroclinic solution of the 
delay differential equation 
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e^x"{t) ~ x'{t) - x{t) + g{x{t - h)) = 0, e := 1/c > 0, t e R. (1.2) 

Notice that (p may not be monotone. Since the biological interpretation of u is the 
size of an adult population, we will consider only positive travelling fronts. 

If we take h — in (1.1), we obtain a monostable reaction-diffusion equations 
without delay. The problem of existence of travelling fronts for this equation is quite 
well understood. In particular, for each such equation we can indicate a positive 
real number c.^, such that, for every c > c^, it has exactly one travelling front 
u(x,t) = <j){v ■ X -f ct). Furthermore, Eq. (1.1) does not have any travelling front 
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propagating at the velocity c < c<,. The profile (j) is necessarily strictly increasing 
function. See, for example, Theorem 8.3 (ii). Theorem 8.7 and Theorem 2.39 in 
Gilding & Kersner (2004). 

However, the situation will change drastically if we take h> 0. Actually, at the 
present moment, it seems that we are far from proving similar results concerning 
the existence, uniqueness and geometric properties of wavefronts for delayed equa- 
tion (1.1). This despite that fact that the existence of travelling fronts in (1.1) was 
recently intensively studied for some specific subclasses of birth functions. E.g. see 
So, Wu & Zou (2001), Wu & Zou (2001), Faria et al. (2006), Ma (2007), Trofim- 
chuk & Trofimchuk (2008) and references wherein. Certainly, so called monotone 
case (when g is monotone on [0, k]) is that one for which the most information is 
available. But so far, even for equations with monotone birth functions very little is 
known about the number of wavefronts (modulo translation) for an arbitrary fixed 
c > c*. In effect, there exist a very few theoretical studies devoted to the uniqueness 
problem for equations similar to (1-1). To the best of our knowledge, the uniqueness 
was established only for small delays in Ai (2007) and for a family of unimodal and 
piece- wise linear birth functions in Trofimchuk et al. (2007) . The mentioned family 
is rather representative since 'asymmetric ' tent maps mimic the main features of 
general unimodal birth functions. In fact, we believe that the uniqueness of positive 
wavefront can be proved for delayed equations with the unimodal birth function 
satisfying the following assumptions: 

(H) The steady state a;i(t) = k > (respectively 2:2 (i) = 0) of the equation 

x' {t) ^ -x{t) + g{x{t - h)) (1.3) 

is exponentially stable and globally attractive (respectively hyperbolic). 

(G) g e C^(R+,R+), p := .g'(0) > 1, and g"{x) exists and is bounded near 0. We 
suppose that g has exactly two fixed points and k > 0. Set A = sup{a € 
(0, k/2] : g'{x) > 0, a; e [0,a)} and C2 — maXj-gjo.K] 3(2;), we assume that 
g{x) > for X e (0,C2]- Then there exists a positive Ci < min{(/(^2), ^} 
such that g{C,i) — m\ns^[Q^^(^.^]g{s). Notice that ^([CijCa]) Q [CijC2]- Without 
restricting the generality, we can suppose that sup^>o (7(5) < C2- 

In this paper, we follow the approach of Faria et al. (2006) to prove the uniqueness 
(up to translations) of positive wavefront for a given fast speed c. In the case of 
(1.1), this approach essentially relies on the fact that, in 'good' spaces and with 
suitable ^'(0), g'{n), the linear operator {Cx){t) = x' {t) + x{t) — g' {■ip{t — h))x{t ~ h) 
is a surjective Fredholm operator. Here ip is a heteroclinic solution of equation 
(1.2) considered with e = 0. In consequence, the Lyapunov-Schmidt reduction can 
be used to prove the existence of a smooth family of travelling fronts in some 
neighborhood of ip. As it was shown in Faria & Trofimchuk (2006) this family 
contains positive solutions as well. However, an important and natural question 
about the number of the positive wavefronts has not been answered in the past. We 
solve this problem in the present paper, establishing the following result: 

Theorem 1.1. Assume (H), (G). Then there exists a unique (modulo translations) 
positive wavefront of Eq. (1.1) for each sufficiently large speed c. 
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In order to apply Theorem 1.1, one needs to find sufficient conditions to ensure 
the global attractivity of the positive equilibrium of (1.3). Some results in this 
direction were found in Liz et al. (2005) for nonlinearities satisfying a generalized 
Yorke condition. In particular, Corollary 2.3 of the latter paper implies the following 

Corollary 1.2. Assume (H) and (G), and that either T :— g'{n) G [0, 1] or 



r<0 and e"''>-rin; 



r2 + i' 

Suppose also that g G C'^(IR+,]R+) has only one critical point xm (maximum) and 



,2 



that the Schwarzian (Sg){x) = g'"{x){g'{x)) ^ — (3/2) (g"{x){g'{x)) ^) is negative 
for all X > 0, X ^ xm- Then the conclusion of Theorem 1.1 holds true. 

Notice that Corollary 1.2 applies to both the Nicholson's blowflies equation and 
the Mackey- Glass equation with non-monotone nonlinearity. 

The structure of this paper is as follows: the next section contains preliminary 
facts and fixes some notation. In the third section, following Faria et al. (2006), 
we realize the Lyapunov-Schmidt reduction in a scale of Banach spaces. Section 
4 contains the core lemma of the paper. As an applications of this lemma, we 
obtain an alternative proof of the existence of positive wavefronts, see Theorem 
4.2. Finally, in Section 5 we show that there exists exactly one wavefront for each 
fixed fast speed. 

2. Preliminaries 

This section contains several auxiliary results that will be needed later. Proofs 
of them (excepting Lemma 2.7) can be found in Liz et al. (2002) [Lemma 2.1], 
Trofimchuk et al. (2007) [Lemma 2.2], Faria & Trofimchuk (2006) [Lemmas 2.3- 
2.6]. 

Lemma 2.1. Assume (G). If x ^ is a non negative solution of Eq. (1.3), then 
Ci < liminf .T(t) < limsupa;(f) < ^2. 



^+oo 



^+oo 



Lemma 2.2. Assume (G). Consider wavefront u{x,t) — (j){i' ■ x + ct) , \\iy\\ = 1, to 
Eq. (1.1). Then there exists a unique t such that 4>{t) = A, 0'(s) > for all s < t. 

Lemma 2.3. Suppose that p > 1 and h > 0. Then the characteristic equation 

z ^ -l+pcxp{-zh) (2.1) 

has only one real root < A < p— 1. Moreover, all roots A, Aj, j = 2, 3, . . . of (2.1) 
are simple and we can enumerate them in such a way that A > 3fJA2 ~ 3fJA3 > . . . 

Everywhere in the sequel, \j stands for a root of (2.1). Notice that we write A 
instead of Ai. 

Lemma 2.4. Assume (H), (G) and let A he as in Lemma 2.3. Then (1.3) has a 
unique (modulo translations) positive heteroclinic solution^. Moreover, iplt — to) = 
exp(At) + 0(exp((2A — 5)t)), t -^ — oo, for each S > and some to G K- 
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Lemma 2.5. Let {\a{e),a e A}, where NU {00} C A, denote the (countable) set 
of roots to the equation 



e^z^ -z- l+pcxp(-z/i) = 0. (2.2) 



If p > 1, h > 0, e £ (0, l/{2^p — 1)) then (2.2) has exactly two real roots 
Ai(£),Aoo(e) such that 

0< A< Ai(e) <2{p-l) <e-^-2{p-l) < Xoo{e) < e"^ + 1. 

Moreover: (i) there exists an interval O = 0{p,h) 9 such that, for every e G O, 
all roots \a{e),a G A of (2.2) are simple and the functions Aq, : O ^ C are 
continuous; (ii) we can enumerate Xj(s),j G N, in such a way that there exists 
lime^o+ Aj (e) = Xj for each j G N, where Xj G C are the roots of (2. 1), with 
Ai = A; (Hi) for all sufficiently small e, every vertical strip S, < ^z < 2{p — 1) 
contains only a finite set of m{^) roots (if £, ^ {5?Aj, j G N}, then m{^) does 
not depend on e) Ai(e), . . . , Xm{^){£) to (2.2), while the half-plane ^z > 2(p — 1) 
contains only the root Aoc(£)- 

Assume (H), (G), and let ip be the positive heteroclinic solution from Lemma 2.4. 
For a fixed /x > 0, we set #{Aj : fi < ^Xj} := d{fi) and ||a;||+ = supg |a;(s)|, 
||x||^ = supjj_ e^^*|x(s)|, |x|^ — max{||x|| + , ||a;||^}. Consider the Banach space 

Cf,{R) = {x G C(M,R) : ||x||^ < 00, a;(-oo) == 0, and x(+oo) is finite}, 

equipped with the norm |x|^. We will need the operators Q,X,X^,Xf ,X^ ,M : 
C^(R) -^ C^(K), where {Qx)(t) = g{x{t)) is the Nemitski operator, X = X(^ ^X^ ~ 0, 
X, ^ <7-^{e){X+ +X-), cr(e) := ^Jl + A^, and 

(J+x)(i) = / e "^ x{s-h)ds, {X~x)(t)= / e i+-(-) x(s - /i)ds. 



iAfx){t) = / e-^'-'^q{s)x{s - h)ds, q{s) := g'{i:{s - h)). 
J —00 

Since g'{x) = p + 0{x), x ^ 0, and 4'it) — 0(exp(A/:)), t -^ —00, we obtain that 
q{t) — p + e(t), e(i) — 0(exp(At)), t -^ —00; and g(— 00) — p > 1, q{oo) = g (k). 
Observe that X^,N are well defined: e.g. {Nx){+oo) = g' {n)x{+oo) and, for t < h, 

mx){t)\ < f e-(*--)|g(g)|||x||;e^(--'')rfg< "^Ha^ ^^P^<'' '^^1 gMt-/.). 
J —00 i + /i 

Lemma 2.6. Operator families Xf : {—\/^/Jl,l/^) -^ £(Cp(M)), ^ > 0, are 
continuous in the operator norm. In particular, X^ ^*X as £ ^ 0. 

Lemma 2.7. // (H) holds and fi ^ {^Xj}, m > 0, then I - Af : Cp(M) -^ Cp(R) 
is a surjective Fredholm operator and dim Ker (/ — M) = d{p). 
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Proof. First, we establish that I — Af is an epimorphism. Take some d E C^(K) and 
consider the foUowing integral equation 



x{t)- e-^*--''>q{s)x{s~h)ds = d{t). 

-' — oo 

If we set z{t) — x{t) — d(t), this equation is transformed into 

z{t)- [ e^''*'^'\{s){z{s-h)+d{s-h))ds = 0. 



Hence, in order to establish the surjectivity of /—A/", it suffices to prove the existence 
of C^ (R)-solution of the equation 

z'{t) = -z{t) + q{t)z(t -h)+ q{t)d{t - h). (2.3) 

First, notice that all solutions of (2.3) are bounded on the positive semi-axis ]R_|_ due 
to the boundedness of q{t)d{t— h) and the exponential stability of the homogeneous 
u'-limit equation z'{t) = —z{t) + g'{K)z{t — h). Here we use the persistence of 
exponential stability under small bounded perturbations (e.g. see Section 5.2 in 
Chicone & Latushkin (1999)) and the fact that g(+oo) = ^'(k). Furthermore, since 
every solution z of (2.3) satisfies z'{t) ~ —z{t) + g'{K)z{t — h) + g' {K)d{+oo) + e{t) 
with e(+oo) = 0, we get z(+oo) = d{+oo)g'{K){l — g' (k))^^ . Next, by effecting the 
change of variables z{t) — exp(/it)y(t) to Eq. (2.3), we get a linear inhomogeneous 
equation of the form 

y'{t) = -(1 + fi)y{t) + [pcxp{-fih) + €i{t)]y{t - h) + e2,^(t), (2.4) 

where ei(— oo) = e2,o(— oo) = and e2,^(i) = 0(1), /j. > 0, a,t t = — oo. Since 
the a-limit equation y'{t) = —(1 + fi)y{t) + pexp{—ij,h)y{t — h),iJ, ^ {^\j}, to the 
homogeneous part of (2.4) is hyperbolic, due to the above mentioned persistence of 
the property of exponential dichotomy, we again conclude that Eq. (2.4) also has 
an exponential dichotomy on M_. Thus (2.4) has a solution y* which is bounded 
on ]R_ (while j/q(— oo) ~ 0) so that z*{t) = cxp(pt)y*{t) = 0(exp(/ii)), t -^ — oo, 
is a C^(R)-solution of Eq. (2.3). 

Next we prove that dim Ker(/ — M) = if{\j : p < 5RAj}. It is clear that 
(f>j £ Ker(/ — Af) if and only if (l)j is a Cp(M)— solution of the equation 

4>'{t)=-<P{t)+q{t)^{t-h). (2.5) 

We already have seen that every solution of (2.5) satisfies (t>(+oo) = 0, thus we 
only have to show that there exist solutions (l)j with ||(/>j||^ < oo. In fact, we will 
prove that for each 5RA, > u and S £ (0, min |3fJA,, A — JRAij) there is 

■' 3i\j>0, A>KA.>0 -^ 

(f)^{t) = e^^* + e'^*Vj{t) e Ker(/ - TV), with a = X + d, Vj{t) = 0(1), t -^ -oo. Set 
q{t) = p + e{t), then Vj{t) can be chosen as a bounded solution of the equation 

v'{t) + (1 + cr)v{t) -{p + e{t))e-''''v{t - h) = e-^^''+(-^^-'^)*e(t). (2.6) 

Since e^'^j'''+('^J^'^^*e(t) = ©(e'-'^'^J^'')*) at — oo, we get the following a-hmit form 
of (2.6) 

v'{t) + (1 + a)v{t) - pe-''''v{t -h) = 0. 
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This autonomous equation is exponentially stable since its characteristic equation 

has roots Zj = Xj—X—S with ^Zj = diXj — X—6 < 0. Thus (2.6) has a unique solution 
Vj bounded in M_. Is clear that d(/x) solutions {4>j} are linearly independent, we 
claim that, in fact, system {<pj} generates Ker(/ — Af). Indeed, suppose for an 
instance that (j) G Ker(/ — A/")— < 0j >. 
As (/) solves the equation 

x'{t) = -x{t) + px{t -h)+ 0(exp((A + yu)t)), t —> -oo, 

we get (e.g. p. 28 in Mallet-Paret (1999)) 

(j){t) = z{t) + 0(cxp {{X + p- S)t)), t -^ -oo, 

where z{t) is the eigensolution corresponding to the eigenvalues Q with p, < 3?^ < 
A + /i. In this way, 

(t>{t) = Cexp (Xt) + Y^ Cj exp (X^t) + ©(cxp {{X + ^x- 6)t)), t -^ -oo. (2.7) 
i=2 



Now take 



d(p) 



w{t) = C(exp (At) + exp {at)vi{t)) + ^ Cj(exp {Xjt) + exp {at)vj{t)) e< (j)j > . 

i=2 

Since exp {ijt)vj{t) — 0(exp (A + 5)t), t -^ — oo, we can write 

d(p) 
w{t) = Cexp {Xt) + ^ Cj exp {X^t) + 0(exp ((A + 5)t)), t -> -oo. 

Thus A(t) := (/)(i) — w{t) satisfies A(t) ~ 0(cxp (A — 5)t), t -^ — oo, and solves 

x'{t) == -x{t) +px{t -h) + 0(cxp ((2A - S)t)), t -^ -oo. (2.8) 

Applying Proposition 7.1 from Mallet-Paret (1999) we conclude that 

A(t) = z{t) + 0(exp ((2A -6- S/2)t)), t ^ -oo, 

where z{t) is the eigensolution corresponding to the eigenvalues C such that X — 6 < 
3fJC < 2A — (5 and in consequence z{t) ~ Cie'^*, for some Ci. Hence, 

(f){t) = w;(i) + A(i) = C" exp (At) + ^ Q exp (Xjt) + 0(exp ((A + S)t)), t -^ -oo, 

J=2 

for small (5 > 0. The latter formula improves (2.7), and if we take 



d(pi) 

J=2 



wi{t) = C'(exp (At) + exp {at)vi{t)) + ^ Cj(exp (A^t) + exp {(jt)vj{t)) e< (f>j >, 
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then Ai(i) — (f){t) — wi(t) — 0(exp (A + 5)t), t -^ — oo. Since Ai(t) satisfies 

x'{t) == -x{t) + px{t - h) + 0{exp {{2X + 6)t)), t^ -oo, 

we can proceed as before to get Ai(t) ~ zi(t) + 0(cxp (2A + S — S/2)t), t -^ — oo, 
wfiere zi(i) is tlie eigensolution corresponding to the eigenvalues C such that A + (5 < 
C <2X + S. Thus zi{t) = and Ai(i) = 0(exp {2X + S- S/2)t), t -^ -oo. Iterating 
this procedure (and subtracting S/2 from the exponent 2X+6 on the step fc), we can 
conclude that Ai(t) = 0(exp (kXt)), t -^ — oo, k > 2. This means that A is a small 
solution of (2.5). However, Eq. (2.5) cannot have solutions with supcrexponential 
decay at — oo (e.g see p. 9 in Faria & Trofimchuk (2006)) and thus A(t) = 0. This 
implies that G< (/)j >, a contradiction. D 

Throughout the rest of the paper, we will suppose that the C'^-smooth function 
g is defined and bounded on the whole real axis M. This assumption does not 
restrict the generality of our framework, since it suffices to take any smooth and 
bounded extension on R_ of the nonlinearity g described in (G). Notice that, 
since there exists finite g'(0), we have g{x) = x'j{x) for a bounded 7 e C(M). Set 
7o = supjgjj |7(a;)|. As it can be easily checked, \Gx\fi < jo\x\f_i so that actually G is 
well-defined. Furthermore, we have the following lemma: 

Lemma 2.8. Assume that g G C"'^(R). Then Q is Frechet continuously differentiable 
on C^(R) with differential Q'{xo) : y{-) -^ g'(xo{-))y(-). 

Proof We have that \g'{x)u\^ = \g'ix{-))u{-)\^ < sup^eR \g'{x{t))\\u\^. By the Tay- 
lor formula, g{v) - g{vo) - g'{vo){v - vq) = {g'{9) - g'{vo)){v - vq), 9 G [w,wo]. 
Fix some xq G C^(]R). Since functions in C^(IR.) arc bounded and g' is uniformly 
continuous on bounded sets of M, for any given 5 > Q there is ct > such that 
for \x — xq\^ < a we have that \Qx — Qxq — g'{xo{-)){x — a;o)U 1^ ^l^ ^ ^alfj. and 

\\g'ix)-g'ixo)\\cic,iM))<s. n 

3. Lyapunov-Shmidt reduction 

Being a bounded solution of Eq. (1.2), each travelling wave should satisfy 

t +OC 

1 f -2(t-s) f (l + iT(e))(t-a) 

x(i) = —— ( / e^+^^'f g{x{s-h))ds+ / e ^ g{x{s - h))ds), (3.1) 

—00 t 

For C^(R)-solutions, this equation takes the form x = {X^ o Q)x. 

Theorem 3.1. Assume (H), (G). Let ip be the positive heteroclinic from Lemma 
2.4- Then for every /i 7^ ^Xj, jjl G [0,A), there are open balls £^ ~ (— e^,e^), 
Vp C R''*-^-', and continuous family of heteroclinics ip^^y ■ Sfi ^ Vfj. ^ Cfj,{M.) of Eq. 
(1.2) such that ipo.o — ip- For each e G E^j,, the subset {ipi,v '■ w G V^} C C^(R) is 
C^ — manifold of dimension d{fi). Moreover, there exists a C^{K)— neighborhood lA 
of Ip and £1 > such that every solution ip^ G U, \s\ < £1, of Eq. (1.2) satisfies 
Tpe = 4'e,v for some v G V^. Finally, given a closed subinterval S C [0, A) \ {SRAj}, 
we can choose open sets £^,V^ to be constant on S. 



Aguerrea, Trofimchuk and Valenzuela 



Proof. Set i?^ = (-1/^,1/^) and then define F : R,, x C^(R) -^ C^(R) by 
F{e, (j)) = ip + (j)— {Te o Q){i) + (f). We have that -F(0, 0) = 0. Furthermore, Lemmas 
2.6 and 2.8 imply that F e C{R^ x C^(]R), C^(M)) and F^{e, (j)) is continuous in a 
neighborhood of (0,0). Set 

L ■- F^O, 0) = / - A/", V := KctL, r(e, 0) := F(e, 0) - i(/). 

Then r0(O,O) = ^^(0,0) — L = 0. By Lemma 2.7, we have that dimF < oo and 
that L is surjective. Thus V has a topological complement W in Cp(R) so that 
Cfj,{M.) = V (BW and any (f) E C^{M.) can be written in the form (f) = v + w,vEV 
and w € W. Recalling that Lf = we get F{e, (f)) = Lw + r(e, v + w). This suggests 
the following definition: 

$(£, V, w) :— L\ww + r(e, v + w), 

where $^(0, 0, 0) = L\w is the restriction of L to W. Is clear that $ e C{Rf^ xV x 
W,C^{K)) and $^(£,u,iy) = Ljvi/ + ''0(£j''^ + ii') is continuous in a neighborhood of 
(0,0,0). Since L\w ■ W -^ C^(IR) is bijective we have that {L\w)~'^ is continuous 
from C^(M) to M^. As a consequence, we can apply the Implicit Function Theorem 
(e.g. see Theorem 2.3(i) in Ambrosetti & Prodi (1993)) to 

$(£, V, w) = L\ww + r{e, v + w) =0, $(0, 0, 0) = 0. 

In this way, we find neighborhoods of 0, £^ C Rfj,, V^ C F and W^ C W and 
a continuous map 7 € C^{£fi x V^,yV^), such that ^{e,v,-f{e,v)) = for all 
{s,v) € £fi X V^. Moreover, without restricting the generality, we can suppose that 
<I>(e, v,w) =0 with (e, v, w) E £^ xV^ x W^ implies w = 7(2, v) (e.g. see Theorem 
2.3(ii) in Ambrosetti & Prodi (1993)). 

Hence, the continuous family i/i^.^, = 1}) + v + 7(6, v) : £^xV^ ^f C^(]R) contains 
all solutions of Eq. (1.2) from small neighborhoods of ip, with ?/;o.o — V'- Since 
7t,(0,0) = and ^y{e,v) is continuous for each fixed e € £fi, we conclude that 
{ijje.v : w G V;j} C C^(IR) is C^— smooth manifold of dimension d{^). Notice that 
(3.1) implies that 5(V'e,t,(+oo)) = ■0e^„(+oo). Thus ipe.vi+oo) = '(/;o,o(+oo) = k, so 
that {i'e,v} are heteroclinic solutions of (1.2). 

Finally, the last conclusion of the theorem follows from the simple observations 
that (a) the sets £^,Vf_i,W^ji, are non- increasing in ^i and (b) the function d{t) is 
piece-wise constant, with discontinuities at {3?Aj} n [0, A). D 

4. Asymptotic formulae 

Throughout this section, we denote by /3,7, 77, 6, C, Cj, C, , . . . some positive con- 
stants that are independent of the parameters e G Kj := (— ej,£j), i; G 51, where 
1 > eo > El >•••>£*> 0, and Vt C M^. We also assume that /i > 0,p > 1. 

Lemma 4.1. Let continuous x^^y{-), f^^y{-) : Ao x O x M ^ K satisfy 

e^x"{t)+x'{t)-x{t)+px{t + h) = f^^^{t), teM.. (4.1) 

Suppose further that sup[|a;e^t,(t)| + |/e,t,(t)|] < C, |a;g.„(i)| < Ce^^*, t > 0, and 
that \fe.v{t)\ < Ce~^*, t>0, (e,w) e Ao x f7. Then, given a G (0,6), it holds 

Xe,v{t) = Z^,^{t) + Ws^y{t), f e M, 
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where, with some continuous and bounded Bj : (—e^,e^) x il ^ C, 

j<'!li\j{s)<b~a 

is a finite sum of eigensolutions of (4-1) associated to the roots \j{e) € {7 < 
"^Xjie) <b-cr} of (2.2) and \we.v{i)\ < C*e-(^-'")*, i > 0, (e,w) G (-£*,£*) x Vt. 

Proof. Applying the Laplace transform C to equation (4.1), we obtain 

where x(z,e) = e^z^ + z - 1 +pexp(z/i), Xe,v = )^{xe,v}-> fe.v = ^{fe,v}, and 
r,,„(z) = £^(4.^(0) + za;,,„(0)) + x,,,{0) + pe'^ / e~^X,^,(M)rfw- 



Since x^.^e"'*' is bounded, x^ t, is holomorphic in the open half-plane {JRz > —7}. 
Similarly, /g„ is holomorphic in {SRz > —5}. Since r^ ,„ is entire, the function 

He,v{z) := (/e,„(z) + r£,t,(z))/x(z,£) 

is meromorphic in JRz > —6, with only finitely many poles there. 
Step I. We claim that there are a' E (0, cr), £1 > 0, such that \H^,y{z)\ < Ci/|z|, if 
3f?z = —b+a', {e, w) G Ai x fl. Indeed, take a' G (0, a) such that the Hne diz = —b+a' 
does not contain any eigenvalue — Aj(£), £ G Ai, and 1 — b + a' ^ 0. We have 

\fe.v{z)\ < / e-'^^'l/e.^WMi < C / e-*^^*e-''*dt < -, 3fJz > -6 + a'; 

Jo Jo cr 

|re,.(z)| <£'(|2:U(0)| + |z||a;,.,(0)|) + |x,,,(0)|+pe^^'' / e-^'^\x,^y{u)\du. 

Jo 

As a bounded solution of (4.1), Xe.v should satisfy, for all i G M, 

x,At) = -7=jp (/ e^**"'^Ge,„(s)ds + y " e^(*-^)Ge,„(s)ds') , (4.2) 

where A < < yS are the roots of e^z^ + z— 1 = and Ge,v{t) ■— pxe,v{t+h) — fe,v{t). 
Differentiating (4.2), we obtain 

x',^,{t) = ^^J-^ [xj e^^'-^'^G,As)ds + 1^1^ e^(*-^)G,..(s)ds^ , (4.3) 
so that 

|x;,„(0)| < -j== / e-nGeA^)\ds + -== / e-^^\GU^)\ds < 

(p +'^)c( f pe-f'ds + |A| /" e-^*ds j = 2C(j9 + 1). 
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Fix fc > — 6 + cr' and consider the vertical strip S^ := {—6 + cr' < 3fJz < fc}, then 






so that |re,„(z)| < C4(l + £^|^|), z e S^. 

Set b{z) = -1 + pe^'^, then \b{z)\ < 1 + pe'^'' := /?, z e Sfe, and 

N|He.(.)|< ,^-(l-' + ;'f) zeE,. (4.4) 

|£^Z^ + Z + 0(z)| 



Now, set yo = rjf] for some rj > 2 satisfying ry^ > 2/3 ^ \Ap/P + 6^ and ry/S > h— cr' . 
For aU z such that Kz = — 5 + cr', and |3z| > j/o, we have 

\ez^ + z| = Izlle^z + l| > y^\e^z + l| > ^; > 2/3. 

Thus le^z^ + z + 5(z)| > le^^s + z\- \h(z)\ > \e'^z'^ + z\-(i> \e^z'^ + z\/2, so that 

^ ^n — m ^^+ ^^P T^ — TTT ^ 2?7, (4.5) 



\e^z^^z + h{z)\ - |e2z + l| - ' ^,^Jt+,.\e^z + l\ 

for aU |3z| > yoi Kz = — 6 + cr' and e E Ai. 

FinaUy, for all (z, e) e {z : 3fJz = — 6 + cr', |3z| < yo} x Ai, we have that 

l^l+e|zp 



|ez2 + z + 6(z)| 

Combining this inequality with (4.4), (4.5), we prove the main assertion of Step I. 
Step II. Taking /c > 0, in virtue of (4.4) we can use the inversion formula 

-1 f-k+ooi -1 f-k+ooi 

XeAt) = 7r- e''xe,v{z)dz = 7^ e'-' H,,,{z)dz, t > 0. (4.6) 

By Lemma 2.5, H^,y{z) has only finitely many poles in the strip —b < Kz < —7. 
Also, H^,y{z) -^ uniformly in the strip —b + cr' < 3fJz < k, as |3z| — > 00, and 
He.v{—b + a' + «•) e L2- Thus, we may shift the path of integration in (4.6) to the 
left, to the line 'Siz = —b + a' , and obtain x^,y{t) = z^ ,j(i) + w^,y{t), where 

— b-\-(T' -\-QC-i 

Ze.ylt) = ^ Res_A,(£)e''*i?£,t,(z), w^,y{t) = — / e''^H^,y{z)dz. 

By Lemma 2.5, the roots of equation x(-2, e) = are simple for all small e. Hence 
ZsAt) = E e-'^i^^%ie,v), with B,ie,v) = feA-^.ie))+ri-X,ie)) ^ 

7<3iA,(e)<fc-.' X(-A,(£),e) 

It is easy to check that Bj{e,v) is continuous on its domain of definition (observe 
here that the continuity of x'^ ^(0) follows from (4.3)). Take j such that —b + a' < 
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-3?Aj(e) < -7, then jr^ „(-Aj(e))| < C4(e^|Aj(e)| + l) < C4(max |Aj(e)| + l) :^ C7. 
In addition, if e ^ then 

0< lx'(-Aj(e),£)| = \-2e^\jie) + l+phe-^^('^''\^\l+phe-^^''\^0. 



Hence, |B,(...)| < lA..(-A,W)M-v..(-A,M)l < C,,' ^C, 

lx'(-Aj(e),£)| mm|x(-Aj(£),e)| 

if £ G A2, for some small £2 > and v E il. 

Step III. Consider Ue,^,(t) = e^''-''">*We.vit) and We,i,(i) = e(''"'")*W£,^,(t). We have 



1 r — b-\-(T +00-^ 1 /' + CXD 

^TTZ J_b+„'_oo-j ^7^ J-00 



-6+fT' — 00-2 

By Planchcrel theorem, 



^TT 2-\/7r(o - cr'j 

Hence, We,t;(t) = e^^'^^'^ )*Mg_„(t) is integrable on [0, +00), and by the Cauchy- 
Schwarz inequality 

II II , \\Ue.vh ^ Ci 



^2(cr-cr') 2v/27r(fe-0-')(cr-cr') 

Step /F. We claim that there exist real numbers Cg > and £3 > such that 
|we,i,(i)| < Cge"^^"'^'*,* > 0, for aU (e, u) e A3 x fi. In order to prove this, it 
suffices to show that v^^^ is uniformly bounded for small £ G A3. Since 

e^wl^, (t) + < „ (t) - We,, (t) + pWe,. (t + /l) = fe,v (t) , * G K, 

we find that v^,^[t) — e^^^^'^w^,.^[t) satisfies 

eH'i.it) + (1 - 2£2(& - a))<_Ji) - P,,„(t), 
where a = 1 — 2£^(fe — cr) > and Pg^^, G ii[0, +00) is defined by 
Pe.vit) = e(''-^)*/,,,(i) + (1 + (6 - a) - £2(6 - af)v,^,{t) - pe-^'-^'>%,,,{t + h). 
The variation of constants formula yields 

v',^,{t) = e-** (^<,„(0) + ^ ^ e*^P,,,(s)ds^ , £ ^ 0. (4.7) 

A direct integration of (4.7) gives 

«e,.W=^'s..(0) + -<„(0)(l-e-7^*) + l / / e7^(^-«)p,.„(s)dsdM. 
a ' £ Jo Jo 
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After changing the order of integration in the iterated integral, we get 



rt 



f f ef^^''^'^ P,.,{s)duds ^- f Pe.«(s)(l-e*(^-*^)ds <- f |Pe,.(s)Ms 
Jo Js a Jo Oi Jo 

Additionally, recalling Step 11, we find that K^^,(0)| < (b- a)\w^^y{0)\ + K_„(0)| < 

<{b- a)(|a;,,„(0)| + |^e,.(0)|) + |x;,„(0)| + |z;jO)| < Ciq. 
As a consequence, for all small e and u e f2, we have that 

p2 1 r + oo 

\VeAt)\ < \Ve.vm + -Cioil + e"^*) + - / |Pe,.(s)Ms < di, t > 0. 

a a Jq 

Finally, since w^,y{t) — w^ „(i)e^(''^°")*, Lemma 4.1 is proved. D 

Theorem 4.2. In Theorem 3.1, take ji = X — S, with small 5 > 0. Assum,e that ip is 
the positive heteroclinic of (1.3) normalized by 'ip{t) = cxp(Ai) + 0(exp((2A — S)t)), 
t -^ — oo. Then we can choose a neighborhood lA C C^(]R) of ^ and a neighborhood 
£* X V* of Q E M^ in such a way that xp^^^ G U, (e, v) G £* x V*, is positive and 
unique in lA (up to translations in t) for every fixed e. Moreover, Tpe,v{t — to) = 
exp(Ai(£)t) + 0(exp(1.99y(it)) at t ^ — oo for some to = to{£,v) G M. 

Proof. First, we take V^, Efj, C (— £i,ei), U as in Theorem 3.1. It follows from 
Lemma 2.5 and Theorem 3.1 that V^ C M and that we can choose positive S and 
£fi such that diXj{e) < /u < A < Ai(e) < 1.99^ < Aoo(e) for all e G f^. If we set 
ye,v{t) = ips,vi—t), then yg^y satisfies (4.1) where 

\fe.At)\ - IgiVe.At + h)) - g'iO)y,At + h)\ < Cie-2Mt^ t > -h. 
Lemma 4.1 assures that there are V' C V^^, £' C £^ such that 

y,At) = B{e,v)e-^'^'^' + w,,y{t), {e,v) G f ^ x V^. 

Here B : £'^ x V'^ -> R+, 5(0,0) = 1, is continuous and |we,t,(t)| < C^e^i-^^^*, 
t > 0, for some (7* > 0. 

Hence, there are £'' x V" and T > (independent of e,v) such that ye,v{t) > 
0.5e-^i(e)*, t > T, for aU (e,u) G £'/^ x V//. On the other side, \im(^e,v)^oys,v{t) = 
ip{—t) uniformly on M. In consequence, since xp is bounded from below by a positive 
constant on [— T, oo), we conclude that j/e.„ is positive on R, if {s,v) belongs to 
sufficiently small neighborhood £* x V* C £'' x V'' of the origin. Without the loss 
of the generality, we can assume additionally that V'e.i; € U for all (e, u) G f * x V*. 

Next, for every fixed e G f*, the subset 5^ = {V'e,!) : ^ G V^} C Cp(M) is 
homeomorphic to V^. On the other hand, for every n > 0, the collection *p„ — 
{V'e,o(^ ^ •5)7 ■* £ (^"j"-)} of positive heteroclinics is a continuous 1-manifold in 
C^(R). Since V'e.o G iJn^„ we obtain that {'0e,t> : w G V*} C ^oo- In consequence, 
'0e,t)(i) is unique in U (up to shifts in i) for every fixed small e. D 

Theorem 4.3. Set V = {(e,w) G £0 x Vo : '(/'e,i>(i) > 0, i G K}, where fo, Vo are as 
in Theorem 3.1. Then there exist a neighborhood £* x V* d £0 x Vo ofO and C > 
such that, for all (e,w) e V* := V Ci {£* x V*), we have that 

4'eAt) = B{e, w)e^i(^)* + We At). (4-8) 

where \we,v{t)\ < Ce^-^^-^*,i < 0, and B : £* x V* ^ (0,oo) is continuous. 
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Proof. Let £' C £o be such that Aoo(e) > 3A, for all e E £' . The last assertion of 
Theorem 3.1 implies that, for some 7 > 0, Ci > 0, 

sup |^e,«(t)| < Ci, \'4>eAt)\ < Cie-^'. t < 0- (4-9) 

t>0 

If we set yg_y(t) — ipg^y(—t), then j/^.^, satisfies (4.1) where 

\.feAt)\ = IgiveAt + h)) - g'{0)yeAt + h)\ < C2e-^-'\ t > -h. 

Set r = sup{7 > such that (4.9) holds for aU {e,v) e V D {£' x Vq)}. Applying 
Lemma 4.1, we get 

y,At)= Y. Bj{e,v)e-^^^'^'+w,At), 

0<Aj(e)<2r 

where Bj : £" x Vo ^ C are continuous and |we.t,(t)| < C^e^^-^^^*, t > 0, {e,v) G 
V n {£" X Vo), for some C3 > and open £" C £' . Since F > is finite and 
ye,v{t) > 0, we obtain 

^ B,{e,v)e-^''^'^' = B(e,w)e-^i(^)*, 

0<Aj(£)<2r 

so that F > A, see Lemma 2.5. Next, due to Lemma 2.4, it holds that B{0, 0) > 0. 
Hence, F = A. D 

Corollary 4.4. Given S e (0, A) and {ej,Vj) e T'*,j = 0, 1, . . . , the convergence 

I C'o(R) , . ,. , c^-sm I 

1pej,Vj > tPeo,vo implies Ve, ,i;j > V'eo,i'o- 

Proof By the contrary, suppose that there are a sequence {V's^.^j ; (sj: ^j) G 'P*}j>o 
and ?7 > such that 

limlV'e,,!,, -1pso,vo\o =0, \lpej,v, - 1peo.vo\x-S > V, j = 1, 2, . . . 

It follows from (4.8) that there exist C > and T < such that 

V'e,,.,(t)e^(^"*)* < Ce'' < ry/4, j - 0, 1, 2, . . . , i < T. 
Thus 



sup 

s<T 



e-(^-')lV'e„.,(s)-Veo.«o(s)lJ <^/2, .?-l,2,.... 

Next, since ipe-,v- (t) ~^ 4'eo,vo{'t) uniformly on M, wc can find j, such that 



sup 

se[T,o] 



e '^ '*^"|V'e,,t>,(s)-V'eo,i'oWI < o' SUp|^e,,t>,(s)-V'eo,i'o(s)| < X, j > j* 



But all this means that \ipe-,v- —ipeo,vo\\-s < fy/2 for all j > j*, a contradiction. D 
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5. Proof of Theorem 1.1 

Everywhere below, all positive wavefronts 4> will be normalized by the conditions 
0(0) = Ci/2 and (l){s) < Ci/2, s < 0, with (i defined in (G). Let V, V'(O) = Ci/2, 
ip{s) < Ci/2, s < 0, be the positive heteroclinic of (1.3) given in Lemma 2.4. By 
Theorem 4.2, there exists a neighborhood (— eo, So)xU C Mx Ca-5(K) of (0, tp) such 
that for every fixed e € (— £o,£o) there is a unique normalized positive wavefront 
V'e G U. We claim that, if e is sufficiently small, then this V'e will be the unique 
normalized positive wavefront of Eq. (1.2). Indeed, let us suppose, for instance, that 
we can find a sequence Sj -^ and normalized positive wavefronts (j)^- ^ f/'e • 

Lemma 5.1. Assume (H) and (G). Then (/)£. ^ f/; uniformly on K. 

Proof. First, we prove the uniform convergence (j)^- — > -0 on compact subsets of R. 
Since g is a bounded function, we obtain from (3.1) that 

|0^^.(i)| + |0e,(i)| < ^2^^; X) + '^>0^^''^ - ^^'' ^ ^ ^- 

Hence, by the Ascoli-Arzela theorem combined with the diagonal method, {4>e } is 
precompact in C(]R, M) . Thus, every {(j)^ . } has a subsequence converging in C(IR, R) 
to some continuous positive bounded function ip{s) such that (p'{s) > 0, s < 0, and 
(p{0) ~ Ci/2. Making use of the Lebesgue's dominated convergence theorem, we 
deduce from Eq. (3.1) that 

V{t)= I e-^'-'^g{^{s-h))ds. 



Therefore (p is a positive bounded solution of Eq. (1.3) and since the equilibrium 
K of Eq. (1.3) is globally attractive, it holds that ip{-\-<X)) = k. On the other hand, 
since ip{—oo) < ip{0) = Ci/2, we have that (/?(— oo) = 0. Hence, due to Lemma 2.4, 
we obtain that (p{t) — tlj{t), i e R. Next, if (p^^ -/-> ijj uniformly on R then there 
exist a subsequence {ip^.^} C {^'ej} (for short, we will write again {ificj} instead of 
{(Pe- }), a sequence {Sj} and positive numbers T,S < k/6 such that 

IV'(S'j) - (Pe,{Sj)\ = 2(5, \iP{t)\ < 0.25(5, t < -T, \i;{t) - k\ < 0.25(5, t > T. 

Since ip^^ converges uniformly on [—2T,2T] to tp, and (pe„, ip are monotone in- 
creasing on (—00,0], we can suppose that \ip{t) — ipg^{t)\ < S for all t E (— oo,2T] 
and n > riQ. In this way, Sj -^ +oo and we can suppose that 



m) - v,^{t)\ < 26, ie(-(X3,5, 



j^ 



Consider the sequence yj{t) — (p^.{t + Sj) of heteroclinics to Eq. (1.2). We have 
that |j/j(0) — k| > 1.5(5 and \yj{t) — k\ < 36 when t e (T — Sj,0). Arguing as above, 
we find that {yj} contains a subsequence converging, on compact subsets of M, to 
some solution y*{t) of (1.3) satisfying |j/*(0) — k| > 1.5(5 and \y*{t) — k\ < 36 < '^ 
for all t < 0. Lemma 2.1 implies that infRy*(t) > 0. Since y*(0) 7^ k, we have 
established the existence of a non-constant positive bounded and separated from 
solution to (1.3). This contradicts to the global attractivity of k. D 
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Corollary 5.2. (f)^^ -^ ip in Ca-5(M). 

Proof. Since 0g. -^ ip in. Co(M), we have that 0e. = ipe-.v- for some Vj G Vo- Now 
we can apply Corollary 4.4 to find that 0g. ^ -0 in Ca-5(]R). D 

Lastly, Theorem 4.2 and Corollary 5.2 implies that (/)g. = i/ig, a contradiction 
which completes the proof of Theorem 1.1. 
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